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In 4D image registration, the alignment of images is related to the
identification of an evolving deformation field. The deformation in the
imaged object is following physical laws and principles. These prin-
ciples are the motivation behind many PDE-based image registration
methods
Main objective: Use 4D image registration methods to identify

physical properties of the imaged object.
To this end, the focus shifts from accurate alignment of images, to

physically realistic deformation fields. Most image registration meth-
ods are inspired by physical principles (elastic, fluid etc.), but they will
not produce realistic deformations due to i.e.
•Oversimplified physical models
•Non-physical image-derived forces
•Unknown (homogenous) material parameters
We have identified three cases addressing some of these issues.

Case I: Quantify tissue through deformation fields

If the deformation model is a reliable representation of te imaged ob-
ject, the deformation field itself contain local information about the
elastic properties of the material. For the deformation field u(x):
• |u|, absolute deformations
•∇ · u, linearized volume changes.

Biot model for 4D image registration of kidneys

Kidney tissue is assumed to be both elastic and porous.
•Poroelastic regularizer: Stress tensor is extended to account for hy-

draulic pressure changes p due to motion induced flow in the tissue.

σ = 2µε + λ(tr ε)− αpI.
•Mass balance of fluid flow and Darcy law for ports flow is introduced

to make the system complete:
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Figure 1: Upper left: Dynamic T1w MRI of human abdomen at time t = 0. Upper right:

Rough automatic segmentation used to assign tissue parameters. Lower left: |u|. Lower right: ∇·u

(volume changes).

Case II: Solve for energy field

This leads to a PDE-constrained optimisation problem. The energy
minimisation is formulated such that the force is partly separated from
the image term.

PDE-constrained optimization

Given the elastic potential energy
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The new formulation of the energy minimisation reeds:

min
u,p

∫
Ω

(f (x + u)− f0(x))2 + R(u) + |∇p|2dx

s.t.
1

2

∫
Ω

(R(u)− p)2 = 0

where f (x) is the image, u(x) is the deformation field, p(x) is an en-
ergy field. The minimum is approximate with the energy functional:
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γ(R(u)− p)2dx.

First variation of E w.r.t u and p:

∂uE = (f (x + u)− f0(x))∇f (x + u) +∇R + γ(R(u)− p)∇R(u)

∂pE = ∆p− γ(R(u)− p)

where ∇R(u) = µ∆u + (λ + µ)∇(∇ · u). The constrained optimisa-
tion leads to a modified, but smoother elastic energy than traditional
linear elasticity. This may also be favours in situations with highly
oscillating registration force field where a smooth deformation field is
not guaranteed.

Case III: Solve for elasticity parameters

A natural further expiation of the PDE-constrained optimisation prob-
lem in Case II is to solve for the elasticity parameters in the constraint.
This approach will relate closely to the field of elastography. Details
on similarities and differences between image registration and MR
elastography will de discussed in future work.

Discusion and Conclusions

The proposed framework opens the path to new quantitative applica-
tions of traditional image registration methods. This framework may
also contribute to the discussion around verification and benchmark-
ing in 4D image registration, where results can be evaluated based on
the deformation fields and not only the success in alignment of images.


